AIAA JOURNAL
Vol. 46, No. 11, November 2008

Robust Updating of Uncertain Computational Models
Using Experimental Modal Analysis
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In this paper, a methodology is presented to perform the robust updating of complex uncertain dynamic systems
with respect to modal experimental data in the context of structural dynamics. Because both model uncertainties and
parameter uncertainties must be considered in the computational model, the uncertain computational model is
constructed by using the nonparametric probabilistic approach. We present an extension to the probabilistic case of
the input-error methodology for modal analysis adapted to the deterministic updating problem. It is shown that such
an extension to the robust-updating context induces some conceptual difficulties and is not straightforward. The
robust-updating formulation leads us to solve a mono-objective optimization problem in the presence of inequality
probabilistic constraints. A numerical application is presented to show the efficiency of the proposed method.

Nomenclature

complex space

admissible set for (8, €) for optimal updating of the
mean parameter related to the probabilistic
eigenvalue constraint

admissible set for (8, €) for optimal updating of the
dispersion parameter related to the probabilistic
eigenvalue constraint

admissible set for (8, €) for optimal updating of the
mean parameter related to the probabilistic
eigenvector constraint

admissible set for (8, €) for optimal updating of the
dispersion parameter related to the probabilistic
eigenvector constraint

admissible set for (8, €) for optimal updating of the
mean parameter related to both probabilistic
constraints

Do_ns = admissible set for (B, €) for optimal updating of the
dispersion parameter related to both probabilistic
constraints

Young’s modulus

mathematical expectation

admissible set for optimal updating of the mean
parameter related to the probabilistic eigenvalue
constraint

admissible set for optimal updating of the dispersion
parameter related to probabilistic eigenvalue
constraint
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admissible set for optimal updating of the mean
parameter related to the probabilistic eigenvector
constraint

admissible set for optimal updating of the dispersion
parameter related to the probabilistic eigenvector
constraint

admissible set for optimal updating of the mean
parameter related to both probabilistic constraints
admissible set for optimal updating of the dispersion
parameter related to both probabilistic constraints
random germ of the random stiffness matrix
random germ of the random mass matrix
vector-valued function defining all the probabilistic
constraints

function defining the probabilistic constraint on the
eigenvalues

function defining the probabilistic constraint on the
eigenvectors

projection basis matrix

identity matrix

cost function for the robust updating

cost function for the deterministic updating

finite element stiffness matrix of the mean
computational model

mean reduced stiffness matrix

random stiffness matrix

factorization of the mean reduced stiffness matrix
factorization of the mean reduced mass matrix
finite element mass matrix of the mean
computational model

mean reduced mass matrix

random mass matrix

number of rigid-body modes

number of generalized coordinates

number of degrees of freedom in the computational
model

dimension of the mean reduced computational model
number of measured degrees of freedom

number of nonmeasured degrees of freedom
probability

random vector of the generalized coordinates related
to the uncertain computational model

vector of the generalized coordinates related to the
mean computational model
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R = real space

[R] = modal residue matrix related to the uncertain
computational model

[R] = modal residue matrix related to the mean
computational model

R, = random vector of the nonzero components of the
residue vector related to the uncertain computational
model

R+ = real positive space

r = number of experimental eigenvalues and eigenmodes

r, = vector of the nonzero components of the residue
vector related to the mean computational model

r, = residue vector of the mean computational model

related to experimental eigenvalue number o

S = admissible set for the updating mean parameters
[S,] = modal lifting matrix
So = section of the beam
s = updating mean parameter
s = updated mean parameter
B = given probability level
A = admissible set for the updating dispersion parameters
AA = norm of the random error with respect to the
experimental eigenvalues

AA, = random error with respect to the experimental

. eigenvalue number o
AD = norm of the random error with respect to the

. experimental eigenvectors
A, = random error with respect to the experimental to

eigenvector number o

8 = updating dispersion parameter
Oy = mass updating dispersion parameter
Sk = stiffness updating dispersion parameter
8ap = Kronecker symbol
dort = updated dispersion parameter
€ = given error level

Ay = random eigenvalue number « related to the uncertain
computational model

[A*P] = real diagonal matrix of the experimental eigenvalues

Ay = eigenvalue number « of the mean computational
model

AT = experimental eigenvalue number o

A = eigenvalue number « of the mean computational
model with fixed measured degrees of freedom

Vv, = eigenfrequency number « of the mean computational
model

Vol = experimental eigenfrequency number o

0 = eigenfrequency number « of the mean computational
model with fixed measured degrees of freedom

Vo = Poisson’s ratio

Lo = mass density of the nonupdated mean computational

_ model

P, = random eigenvector number « in the physical space
restricted to the experimental degrees of freedom

[@*P] = experimental modal matrix

@, = eigenvector number « of the mean computational
model

[ = experimental eigenvector number ¢

2% = extrapolation of the experimental eigenvector

' number « on the nonmeasured degrees of freedom

[¥] = modal matrix of the mean computational model with
fixed measured degrees of freedom

v, = random eigenvector number « related to the
uncertain computational model

¥ = eigenvector number ¢ of the mean computational

model with fixed measured degrees of freedom

1. Introduction

HE updating of computational models using experimental data
is currently a challenge of interest in structural dynamics. The
updating formulation involves an optimization problem for which

the cost function can be defined from the operator of the
computational model (input-error formulation) or from the inverse of
the operator of the computational model (output-error formulation).
These last decades, such an updating has been carried out using
deterministic computational models (see, for instance, [1] for the
input-error formulations and [2—4] for the output-error formula-
tions). It is well known that deterministic computational models are
not sufficient to accurately predict the dynamic behavior of complex
structures. The uncertainties then have to be taken into account in the
computational models by using probabilistic models as soon as the
probability theory can be used. More recently, the terminology of
robust updating has been introduced. The robust updating is defined
as the updating of the parameters of the computational model that
contain uncertainties. The uncertainties are taken into account in the
computational model, which is then called the uncertain computa-
tional model. Let us recall that there exist two classes of
uncertainties: 1) the system parameter uncertainties, which are the
uncertainties on the parameters of the computational model (system
parameters), and 2) the model uncertainties, which are induced by the
mathematical-mechanical process used for the construction of the
computational model and which, by definition, cannot be taken into
account by variations of the system parameters.

In general, system parameter uncertainties can be taken into
account by using the parametric probabilistic approach (see, for
instance, [5—8] for rotating structures). Both model uncertainties and
system parameter uncertainties can be taken into account by using
the nonparametric probabilistic approach recently introduced [9-
11]. We can then distinguish the robust updating of the updating
parameters in the presence of system parameter uncertainties [12—14]
(the uncertain computational model is then constructed with the
parametric probabilistic approaches) from the robust updating of the
updating parameters in the presence of both model uncertainties and
system parameter uncertainties [15,16] (the uncertain computational
model is then constructed with the nonparametric probabilistic
approach). Until now, all these robust-updating formulations
involved cost functions, which are defined from the observations of
the uncertain computational model (output-error formulations).

The motivation of this paper is to propose a robust-updating
methodology of the updating parameters in the presence of both
model uncertainties and system parameter uncertainties using modal
experimental data and defining a cost function relative to the
operators of the uncertain computational model (input-error
formulation). The deterministic underlying methodology is based
on the modal updating formulation proposed [1]. In this paper, we
propose to extend such a deterministic updating formulation to the
case of an uncertain computational model for which uncertainties are
modeled using the probability theory. Note that this extension is not
trivial.

The paper is organized as follows. Section II is a brief
summarizing of the deterministic updating methodology [1]. This
deals with the updating of a mean computational model for which the
updating parameters are called the mean updating parameters. The
main idea is to modify the generalized eigenvalue problem of the
mean computational model to calculate a residue that characterizes
the good matching between the mean computational model and the
available experimental data. The cost function is defined from this
residue and is then optimized with respect to the admissible set of the
mean updating parameters.

Section III deals with the robust-updating formulation. In this
robust-updating context, there are model uncertainties, which are
such that the available experimental data cannot exactly be
reproduced by any computational model. This context does not allow
the strategy of deterministic updating to be effective. The mainideais
thus to implement the nonparametric probabilistic approach in a
mean computational model to take into account both model
uncertainties and parameter uncertainties. First of all, a modified
Craig-Bampton dynamic substructuring method [17-20] is
introduced to construct a mean reduced matrix equation, allowing
the deterministic residue to be calculated. In a second step, the
generalized matrices of this mean reduced equation are replaced by
random matrices for which the probability model is explicitly
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constructed. With such an approach, the uncertainty level of each
random matrix is controlled by a dispersion parameter. We then
obtain a random residue that is defined as a function of the updating
parameters, which are the updating mean parameters related to the
mean computational model and the dispersion parameters that allow
the uncertainty level in the computational model to be controlled. In a
third step, the cost function is defined as the second-order moment of
the norm of the random residue. Difficulties arise from a conceptual
point of view.

A straightforward generalization of the deterministic optimization
problem that would consist of optimizing the cost function with
respect to the admissible set of the updating parameters would yield a
deterministic updated computational model that would not be
compatible with the existence of model uncertainties in the
computational model. The formulation is then modified by adding
probabilistic constraints related to the nonreducible gap between the
uncertain computational model and the experiments due to the
presence of model uncertainties. In Sec. IV, a numerical example is
presented to validate the methodology proposed.

II. Summarizing the Input-Error Methodology
for Deterministic Updating

The assumptions concerning the available experimental data are
given subsequently. Itis assumed that experimental modal analysis is
carried out on only one manufactured dynamic system with free—free
boundary conditions. Consequently, there are m = 6 rigid-body
modes associated with six 0 eigenvalues, which are not taken into
account in the analysis. The experimental data consist of r
experimental elastic eigenvalues denoted by 0 < AJF < -+ < AP
and r corresponding experimental eigenmodes denoted as @°*P,
which are measured at n,,, observation points. Moreover, it is
assumed that the manufactured dynamic system can be modeled by a
deterministic computational model that is called the mean
computational model. The usual methodology for the updating of a
deterministic computational model using modal analysis is the
output-error formulation (see, for instance, [4]), which consists of
solving a multi-objective optimization problem to simultaneously
minimize the distance between each experimental eigenvalue/
eigenvector and between each eigenvalue/eigenvector of the
deterministic computational model. The alternative formulation used
in this section belongs to the input-error formulation. This means that
the cost function that quantifies the gap between the mean
computational model and the experimental data is directly defined
from the operators of the mean computational model so that the
eigenfrequencies and the eigenmodes are simultaneously treated in a
coherent way. This deterministic updating yields to solve a mono-
objective optimization problem with respect to the admissible set of
the updating parameters of the deterministic computational model.
Because the robust updating proposed for modal analysis is based on
the method proposed in [1], we briefly summarize it subsequently to
improve the readability of the paper.

The mean computational model of the dynamic system is
constructed using the finite element method and has n DOF (degrees
of freedom). It is assumed that the finite element mesh is compatible
with the ng,, experimental measurement points. Let s be the R
vector of the updating parameters of the mean computational model
called the updating mean parameters. Vector s belongs to an
admissible set S corresponding to a given family of mean
computational models. Assuming the dynamic system to be linear for
fixed s in S, the generalized eigenvalue problem related to the
conservative dynamic system is written as follows:

Find (A,, ¢ ) belonging to R* x R" such that

0 =(K@O)] - LMD, a=1....r ¢

where the matrices [M(s)] and [K(s)] are the finite element mass and
stiffness matrices. Because the dynamic system has free—free
boundary conditions, matrices [M (s)] and [K(s)] are positive-definite
and semi-positive-definite symmetric (n x n) real matrices for which
the block decomposition with respect to the ng,, experimental

measured DOF and the n, = n — n,, unmeasured DOF is written as

_ [Mu(s)] [MIZ(S)]
[3(s)] = [[Mlz(sw [Mzz(s)]}

(K11 (s)]  [Kix(s)] ?
[K(S)] — |: 711(5) 712(5) :|

Kin®)] [Kyn(s)]

The matrix formulation that allows the deterministic updating to be
solved is written as follows:

- <|: (K11 (s)] [Klz(s)]:|
I,(s) =
K] [Kyn(s)]
—)»ZXP|: (M, (s)] [Mlz(s)]:|)|: QZXP i| 3)
MG [Mym(s)] ?,,(8)

In Eq. (3), the unknown quantities are then vectors I, (s) and
¢, ,(s). For a given updating mean parameter s belonging to S, the
component r, ,(s) of the residue vector I, (s) quantifies the errors of
the mean computational model induced by the experimental
eigenvalue number « and its associated elastic eigenmode for the
DOF number k. It should be noted that vector ¢, (s) is not the
restriction of eigenvector ¢ (s) to the unmeasured DOF. Note that
vector @, (s) is calculated from the mean computational model and
from the experimental modal measurements by solving Eq. (3).
Following [1] for the deterministic updating methodology, two
assumptions are introduced that ensure the existence and the
uniqueness of a solution:

1) Because the information concerning the experimental
eigenmodes is only available for the measured DOF, then it is
assumed that the residue is zero for the unmeasured DOF; that is to
say,

() = [!ags)} @
2) For each o in {1, ..., r}, the matrix [B,(s)] defined by
[B,(5)] = [K5(8)] — Ao [Mxy(s)] )

is assumed to be invertible. With such an assumption, the
eigenvalues of the generalized eigenvalue problem related to the
mean computational model for which the measured DOF are fixed
have to differ from the experimental eigenvalues.

In practice, such a condition is verified in the low-frequency
domain, for which we are only interested in the first smallest
eigenfrequencies and if the measured DOF are regularly distributed
through the structure. Let us introduce the first eigenfrequency of the
structure for which all the measured DOF are fixed. If this eigenvalue
is much larger than the experimental frequency band of analysis, then
the assumption is satisfied. It is assumed that the number r of
experimental pairs of eigenvalues and eigenmodes that are
considered for the deterministic updating is chosen to fulfill this
condition. Finally, it should be noted that Eq. (3) is coherent with
Eq. (1) if the experimental data match with the mean computational
model.

The deterministic updating is solved by simultaneously
minimizing the residue vectors r,(s) for all « belonging to
{1, ..., r}. The cost function is defined as a function of the updating
mean parameters s by

Js) = RGN ©)

where the (r X r) real matrix [R(s)] is defined by [R(s)],s=
95 Trg(s). In Eq. (6), [I[X][I7 = tr([X][X]"). Note that in the input-
error methodology, the sum of the Euclidean norms of the residue
vectors are generally used. Because a change of basis can always be
performed to express the cost function relative to the residue vectors,
we have chosen to express the residue vectors in the modal basis. The
solution of this deterministic updating problem is then given by
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s o7 = arg min j(s) )

Note that the components of vector s can represent any physical
parameters of the mechanical system and that the dimension of this
vector is s. Eliminating QM(S) in Eq. (3) and considering the r
experimental elastic modes, it can be deduced that there are r X ny,
independent nonlinear algebraic equations to identify the vector
parameter s. Consequently, the inverse problem is a priori well-
posed if r X ng,, > s is assumed. Clearly, such an assumption is not
sufficient to guarantee the existence of a unique solution.
Nevertheless, the problem is not to construct the global optimum
for this updating problem, but to improve the computational model in
the neighborhood of the nominal design. In addition, in the
methodology proposed, the cost function is evaluated by solving the
direct eigenvalue problem; consequently, there are no potential
difficulties related to the inverse problem.

III. Robust Input-Error Methodology
for Experimental Modal Data Analysis

In this section, it is assumed that the computational model used for
modeling the manufactured dynamic system for which experimental
modal data are available contains significant model uncertainties.
Consequently, the deterministic updating formulation presented in
Sec. Il can be improved by taking into account the presence of model
uncertainties. It should be noted that, in general, the optimization of a
deterministic computational model can produce a nonoptimal result
with respect to the robust optimization of an uncertain computational
model, as it is shown, for instance, in [21]. We then propose to adapt
the deterministic updating formulation presented in Sec. III to the
robust-updating context explained in Sec. I. The nonparametric
probabilistic approach is then implemented in the mean reduced
matrix model. The formulation of the optimization problem is then
discussed to capture the largest-possible class of uncertain
computational models.

A. Mean Reduced Computational Model

The proposed dynamic substructuring method is based on the
Craig-Bampton method [17-20]. Let us recall that this method
consists of decomposing the displacement vector of a substructure as
the direct sum of the displacement vector of the substructure with a
fixed coupling interface and of the static lifting relative to the
coupling interface. In the present context, the coupling interface is
defined by the ngy,, measured DOF. The extension of the Craig—
Bampton method consists of replacing the static lifting by the modal
lifting related to each experimental eigenvalue. Note that in this
context, the projection basis depends on «. For a given o belonging to

{1, ..., r}, the projection basis is given by
L L _| M [0]
e | m e | o= g

®)

InEq. (8), q_(s) is the RY vector of the generalized coordinates. The
matrix [W(s)] is the (n, x N) real modal matrix for which the
columns are the eigenvectors ¥ (), . ... ¥, (s) corresponding to the
lowest eigenvalues of the generalized eigenvalue problem related to
the mean computational model with a fixed coupling interface (74,
measured DOF).

Find (A}, ¥ ») belonging to R* x R™ such that

0 = ([Kn(9)] = 23 Mn(s)])¥,(5) ©)

In Eq. (8), the matrix [S,(s)] is the (n, X ny,,) real matrix of the
modal boundary functions defined by

18,6)] =—{Bo ()] (Ko@) — 2" M) ). a=1.....
(10)

~

where [B,(s)] is defined by Eq. (3). It should be noted that the usual
Craig—-Bampton method corresponds to Eq. (10), in which the mass
dynamic term is not taken into account. Let 1 = N + n,,. The mean
reduced matrix equation that allows I, (s) and g_(s) to be calculated
is then written as

[l Y IR e YA | e B

where the matrices [M,.q,(s)] and [K .4 ,(s)] are the (72 X 71) positive-
definite and positive symmetric real mass and stiffness matrices
defined by

(Mg (8)] = [Hy ()] [M(5)][He (5)]
and
[Kreao(8)] = [Ho($)][K(9)][Ho(5)]

It should be noted that a convergence analysis with respect to the
numerical parameter N is systematically carried out for every
application (see Sec. IV).

B. Stochastic Computational Model

The nonparametric probabilistic approach [9-11] recently
introduced is used to model both data uncertainties and model
uncertainties in Eq. (11). Briefly, the method consists of replacing the
deterministic matrices [M .4, (s)] and [K 4 ,(s)] by random matrices
[Mieqs(8,83)] and [Kieq4(s,05)], for which the probability
distribution is constructed using the maximum entropy principle
under the constraints defined by the available information. The scalar
parameters §,, and 8y are the dispersion parameters that allow the
amount of uncertainty of the random matrices to be quantified. The
random matrices [M (S, 8,)] and [K 4, (s, 8x)] are written as

[Mred,a (S B 8M)] = [LM,D( (S)]T[GM (SM)][LM,D( (S)]

[Krcd.a(s’ 81()] = [LK.a (s)]T[GK(SK)][LK,a (S)]

where the matrices [Ly,,(s)] and [Lg ,(s)] are (7 x 1) and ((n —
m) X ni1) real matrices such that

[Mred.a (S)] = [LM.O((S)]T[LM.G(S)]

[Kred,a (S)] = [LK.I] (s)]T[LK.a (S)]

and the matrices [G(8y,)] and [Gg(Sk)] are full (7 x 1) and
((n —m) x (n — m)). Next, the algebraic representation of these
random matrices adapted to the Monte Carlo numerical simulation is
briefly recalled. Let [G(§)] denote one of the random matrices
[G(84)] or [Gg ()], for which the dimension is denoted by f.
From the probability distribution constructed with the maximum
entropy principle, it can be deduced that [G] = [L][Lg], where
[L ] is a real upper triangular random matrix such that the following
holds:

1) Random variables {[L];;,j < j'} are independent.

2) For j < j', real-valued random variable [L ], can be written as
Ll =o0,U,;, where o, = 8(u + 1)~/ and U; is a real-valued
Gaussian random variable with zero mean and variance equal to 1.

3) For j=j, positive-valued random variable [Lg];; can be
written as [L];; = 0,,,/2V;, where 0, is defined previously and V;
is a positive-valued gamma random variable for which the
probability density function ij(v) with respect to dv is written as

1 ptl 1+

(Ve R (Vo) R

All the details concerning the construction of the probability
model of these random matrices can be found in [9-11]. It should be
noted that the random matrices [M,q,(s, 8),)] and [K .4, (s, 6x)]
have the same algebraic properties as the deterministic matrices

Pv,(v) = Ig+(v)
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[Micaou(s)] and [K.4,(s)l In particular, random matrix
[M,oq4 (S, 6pr)] {or [Kqu(s,8x)]} has values in the set of all the
positive-definite (or semi-positive-definite) symmetric real matrices.
Letd = (8, 6x) be the vector of the dispersion parameters that have
to be updated. It can be shown from the construction of the
probability model that dispersion parameter § must belong to the
admissible set

oo (o D)

n+5 n—m+35
It should also be noted that the same random matrices [G;(J,,)] and
[Gg (k)] are used to construct the random matrices [M,.q (S, 8]
and [K 4 ,(8, §¢)] for all @ belonging to {1,...,r}. The stochastic
matrix equation for which the unknowns are the random residue

vector R,(s,8) and the random vector Q,(s) of the random
generalized coordinates is written as

[Ra(gv 8) ] = ([Kredu (S, 8[()] - Azxp[Mred,a (S’ (SM)]) [Qﬁx’pa) :|

(S

13)

C. Estimation of Q,(s, §)

The matrices [Kqq(S,0x)] and [Mq4(S,8,)] are block-
decomposed with respect to the number of experimental measured
DOF and with respect to the number of generalized coordinates N,
such that

[ Ka.80] [Keals. 5]
Kreao (8. 3] = [[K:a 5. 601 [Caals. )] ]

CTIMia(s. 8] Moa(s. 6]
Moo (5. 8ur)] = [ Moo (5. 500 [Mols. SAL)]}

The random residue vector R, (s, §) and the random vector Q,,(s)
of the random generalized coordinates solution of the random matrix
Eq. (13) are then given by

R, (5.8) =[B,u(s.9)]@)" +[B..(5.8)]Qq(s.8)  (15)

Q. (5,8) = —[B,,(s,8)] ' [B.o(s, )] 97 (16)
where

[Bl,a(s’ 8)] = [K;l,ot(s’ 8)] - Azxp[Ml,a(sﬁ 8)]
[Baa (Sv 8)] = [Kc:a (S, 8)] - Agxp[sz,ot (S’ 8)]

[Bra(s,8)] = [KCr0(s,8)] — A" [M 4 (5. )]

The calculation of random vector Q, requires the inversion of the
random matrix [B, (s, §)] for all « belonging to {1,...,r}. It is
assumed that the number r of experimental eigenvalues is chosen
under the assumption that random matrix [B, , (s, §)] is almost surely
invertible.

D. Robust-Updating Formulation

The robust-updating formulation requires defining the cost
function from the uncertain computational model as a function of the
updating mean parameter s and of the dispersion parameter §.
In coherence with Eq. (6), the cost function denoted by j(s, ) is
written as

J(s.8) = E{[[R(s. )7} (17

where the (r x r) real matrix [R(s, §)] is defined by

[R(s.8)]up = ¢ Rp(s, 8) 18)

Note that the cost function j(s, §) tends to the cost function j(s) as §;,
and 0x go to zero, which means that the structure tends to be
deterministic. The straightforward generalization of Eq. (7) to the
random case yields the solution

(s°, §°P') = arg minj(s, &)
seS

The following comment shows that this formulation is not adapted to
the robust-updating context. If the deterministic updating context
assumed that there were no model uncertainties and no parameter
uncertainties, then it would mean that the family of deterministic
models would be able to exactly reproduce the experimental data. In
that case, the deterministic cost function would be zero for the
updated solution. In the present context of robust updating, there are
model uncertainties that are then taken into account by a class of
computational model generated with the nonparametric probabilistic
approach.

The preceding formulation for robust updating tends to minimize
the model uncertainties (§ — 0), which means that this formulation
is equivalent to the deterministic updating formulation. However,
because it is assumed that there are significant model uncertainties,
the class of deterministic computational models is not able to
reproduce the experiments. Consequently, the cost function is
doubtlessly minimized, but is nonzero, and there still exists an
irreducible distance between each eigenvalue/eigenvector of the
updated computational model and each experimental eigenvalue/
eigenvector. The preceding formulation for robust updating is then
not correct. To generate a larger class of uncertain computational
models, additional probabilistic constraints involving these distances
are added in the formulation of the robust-updating optimization
problem. Let AA and A® be the positive-valued random variables

defined by
AA(s,8) = 1zr:{AAa(s,é)}2
Loy (19)

[Au(s.8) — Ao
e

AD(s,8) = %Xr:{Aéa(sJ)}z
a=1

@, (s, 8) — o

gl

A, (s, 8) =

(20)
AD,(s,8) =

In Egs. (19) and (20), for each « belonging to {1, .. ., r}, the positive-
valued random eigenvalue A,(s,d) and the R™-valued random
eigenvector @, (s, 8) restricted to the measurement DOF are defined
by the generalized eigenvalue problem related to the uncertain
computational model, which is written as follows:

Find (A,(s, ), W, (s, 8))

0= ([Kred.a (S, 81()]

— Ay(8,8)[Mieq oS, 83)]) W, (s, 8), a=1,....,r (2D

for which random eigenvector <i>a (s, 8) is reconstructed by
®,(s.8) = [H,]¥,(s.8) (22)
where [H,] =[[I] [0]] is the first row block of matrix [H,(s)]. We

now introduce the probabilistic constraints. Let g, (s, &; B4, 4) and
84(s,8; Bo, £¢) be the functions defined by

gn(s,3;B4.€x) = Ba — proba(AA(s,d) <e,) (23)

85(5,8; Bo, 80) = Bo — proba(Ad(s,d) < &) (24)
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where proba denotes the probability, ¢, and &4 denote a given error
level, and 8, and B4 denote a given probability level. The robust-
updating formulation consists of defining, for a given B = (B, Bo)
belonging to [0, 1[x[0, 1] and for a given & = (€,, €4) belonging to
10, +00[%]0, + o0, the solution (s°P, §°P') as

opt730pt — H ; ’8 25
(s ) = arg (5.5) én%XA}J(s ) (25)

g(s,8;B8,¢) <0
where
g(s,8:B.6) = (gr(s,8; Br. €r). 85(5.8; Bo €0))

The existence of a solution for this optimization problem cannot be
proven in the general case. A specific analysis must be carried out for
every application (see Sec. IV).

IV. Numerical Validation
A. Description of the Mean Finite Element Model

The numerical validation is carried out using the truss system
presented in [1]. This structure is located in the OX-OY plane of a
Cartesian coordinate system. The truss is constituted of 4 vertical
bars, 4 diagonal bars, and 2 horizontal beams. For the nonupdated
truss, all the bars and beams are made up of a homogeneous isotropic
elastic material with mass density p, = 2800 kg x m~3, Poisson’s
ratio vy = 0.3, and Young’s modulus E, = 0.75 x 10" N x m~2,
The vertical bars have a constant cross section of 0.6 x 107> m? and
a length of 3 m. The diagonal bars have a constant cross section of
0.3 x 1072 m? and a length of 5.83 m. The horizontal beams have a
constant cross section of S; = 0.4 x 1072 m?, a constant beam
inertia of 0.756 x 10~' m*, and a length of 15 m. The truss has free—
free boundary conditions. The mean finite element model of this truss
constitutes 41 bar elements (with two nodes) and 42 beam elements
(with two nodes), yielding n = 166 DOF (see Fig. 1). There is only
one updating parameter s = pS,, where p is the mass density of the
upper beam that has to be updated. It should be noted that for this
nonupdated truss, s, = 11.2 kg/m. The admissible set S for the
updating parameter s of the mean computational model is taken as
S =110,40] kg/m.

B. Description of the Data Basis

Because no experiment has been carried out on this truss, a
numerical experiment is generated to represent the experimental data
basis. The experimental data are simulated as follows. We consider
the stochastic computational model corresponding to the mean
computational model with uncertainties and defined by Egs. (21) and
(22). For s =54 and g = 8, = 8, with §, = 0.3, one realization
Ay (sg,80;6) of the random eigenvalues A,(sg,8p), and the
corresponding realization ®, (s, 8y; &) of the random eigenvectors
®, (59, 8y) are calculated using the stochastic computational model.
Then an arbitrary finite perturbation is applied to every eigenvalues
Ay (59, 8p; 0) without modifying the eigenmodes @, (so, §y; ) and
thus defining the experimental data. Consequently, this experimental
data cannot be obtained with a deterministic updating of the truss
(6y = 6k = 0), where the mass density p of the upper beam is the
updating parameter. The experimental data basis is thus constituted
of r=23 elastic experimental eigenfrequencies ;" =93 Hz,

15 =110 Hz, and p;" = 170 Hz and the translational components

Fig. 1 Finite element mesh of the truss; nodes of the mesh (circle),
measured nodes (square), elements with fixed properties (thick solid
line), and elements for which the properties have to be updated (thin solid
line).
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Fig. 2 Quantification of the errors between the nonupdated and the
updated mean computational model with the experimental data:

a) ai—> A L™ (black line) and ai— A L3P (gray line) and b) alaAéL"i
(black line) and ai—A$°*"**" (gray line).

corresponding to n.,, = 28 translational measured DOF, represent-
ing the corresponding experimental eigenmodes (see Fig. 1).

C. Deterministic Updating

The results concerning the deterministic updating formulation (see
Sec. II) are presented to construct a reference solution. The
deterministic updating optimization problem yields s°Ptdet=
31 kg/m, where cost function j(s°P"9t) is normalized to 1. Figure 2
and Table 1 quantify the differences with respect to each
eigenfrequency and with respect to each eigenmode for the
nonupdated mean computational model and for the updated mean
computational model. For a given « belonging to {1,...,r}, we
introduce

Ak (AP = [hy(5) — 157
and
A ()@l = 1@, (5) — 9|

Let AL = Ak, (s9), AR = Ak, (), AG" = A, (50).
and Aéﬁzp"de‘ = A(;&a (s°Pdet) with quantities similar to those defined
in Eq. (13), but for the deterministic case. Figure 2 shows the graphs
o= AMN g AP al—)Aiﬁ:", and alﬁAézpt‘dCt. The results
show the efficiency of the deterministic updating formulation to
reduce the gap between the experiments and between the
computational model. Nevertheless, the cost function is not zero,
which means that model uncertainties have to be taken into account
in the modeling of the computational model which has to be updated.

D. Convergence Analysis with Respect to the Numerical Parameters
In the context of the robust updating, the stochastic equations of
the uncertain computational model are solved by using the
Monte Carlo numerical simulation. To simplify the calculations, the
same levels of uncertainties are considered for the mass and for the

Table 1 Quantification of the errors between the nonupdated and the
updated mean computational model with the experimental data

Al Ad, Ads Aél Aéz Aé}

Nonupdated 56.1% 113% 73% 23.6% 60.9% 59.4%
Deterministic 3.6% 279% 12.7% 14.6% 249% 13%
updating
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stiffness terms: that is to say, § = §,; = 8. A convergence analysis
is carried out to calculate the number N of eigenmodes to be kept in
the modal reduction and the number 7, of realizations. The mean-
square convergence is analyzed by studying the function
(N, ny)—conv(N, n,) defined by

Ny

1
conv2(N, n,) = —Z IR (s, 8 01113 (26)

where [R(s, §;0;)] is the realization number i of random matrix
[R (s, 8)] given by Eq. (18). The convergence analysis is carried out
with s = 11.2 kg/m and with § = 0.3. Figure 3 shows the graph
ng—conv(N, n,) for different values of N. It can be seen that a
reasonable convergence is reached for N = 110 and n, = 600. From
now on, the numerical calculations are carried out with the numerical
parameters N = 110 and n, = 600. It should be noted that a more
precise convergence analysis could be performed when studying the
convergence on the robust-updating solution. However, such an
analysis would imply that the optimization problem should be solved
many times, and this is time-consuming. That is why the
convergence analysis has been carried out on the objective function
for a given fixed set of updating parameters. In particular, the value
0.3 of the updating dispersion parameter has been set to a sufficiently
high value to ensure that the values of the optimal numerical
parameters are also valid for smaller values of the updating
dispersion parameter.

E. Robust-Updating Formulation Without Inequality Constraints

As we explained in Sec. III, the robust-updating formulation
without inequality constraints does not allow the updating to be
improved with respect to the presence of model uncertainties. In this
subsection, we prove this result by using the numerical example.
First, the case for which the level of uncertainty in the structure is
assumed to be known is considered with § = §f* = 0.3. The updated
uncertain computational model is characterized by updating
parameters (s°, §X) = (26.2,0.3), wherej(s°, §™) = 1.18. The
generalized eigenvalue problem related to the updated uncertain
computational model is then solved by using n, = 10,000
realizations to characterize, for each « belonging to {1, 2,3}, the
probability density functions of the random variables AAY =
AA (s, §™) and ADS = Ad, (s°, §%). For each o belonging to
{1,2,3}, Table 2 shows the mean values j,,, and (1,4, and the
standard deviations 0, and 0,4 of the random variables AN

and A, Figures 4 and 5 show the probability density functions of
the random variables AAY" and A®S. It can be seen that the mean
error committed on each eigenvalue is lower than 29% and the mean
error committed on each eigenvector is lower than 19%. Figure 6
shows the family of graphs corresponding to the function 61— j(s, §)

5 T T
S P SRR SRR R SRR
3.5 ra | b L e e ) ww - wm | wm e ) mw wm
3F i
2.5¢ i
= «N=10
2 = «N =230
1.5}¢ . . . - . . L N =50 ||
== N=70
L S = N =100}
N=110
0.5 . . . . . . . s — N\ = 120H
e N = 130
0 L ;
0 500 1000 1500

Fig. 3 Convergence analysis of function n,i—conv(N, n,) for the truss
structure with updating parameters s = 11.2 kg/m and § = 0.3.

Table 2 Quantification of the errors induced by the updated
computational model with respect to the experimental data

Constraint on  Constraint on Both No constraint

eigenvalue, eigenvector, constraints, 6f* =0.3),
% % % %
Han, 7.7 1 6.9 4.7
Han, 22.7 33 23.5 28.2
Har, 15.2 11 17.7 18.2
Onn, 2.1 0.7 3.5 33
Oap, 2.8 1.2 5 6.1
UM; 2 0.8 33 3.8
Had, 16 12.2 13.9 11.8
Had, 27.5 19.9 22.7 18.4
Kas, 15.1 11.3 15.2 15.2
O, 1.7 0.7 2.9 32
Ord, 3 1.2 5.1 5.5
Ord, 2.6 1 3.9 4.2

for the admissible set S. Clearly, it can be seen that if the uncertainty
level is unknown, then the robust-updating optimization problem
goes to the deterministic solution presented in Sec. IV.C.

F. Robust-Updating Formulation with Inequality Constraints

We now present the results concerning the robust-updating
formulation in the presence of inequality constraints obtained with
Eq. (25). The updated mean parameter s°"" and the updated parameter
8°P* are analyzed as a function of the probability level and of the error
level. Three cases are as follows:

1) In case 1, there is only one probabilistic constraint for the
eigenvalue corresponding to 8¢ = 0 and &4, = +00. We then study
the function (B, , £, )i—4°"" defined from the domain D, s into the set
F ps and the function (8,, £, )—s°" defined from the domain D,
into the set Fj ;.

2) In case 2, there is only one probabilistic constraint for the
eigenvector corresponding to 8, = 0 and £, = +00. We then study
the function (B4, £¢)1—36°"" defined from the domain Dy 4 into the set
F o and the function (B¢, £¢)i—s°P" defined from the domain Dy,
into the set F g ;.

3) In case 3, there are two probabilistic constraints with =
Ba = Bo and € = g, = £4. We then study the function (8, &)1—5°"
defined from the domain D,_ ¢ 4 into the set F 5 _¢ s and the function
(B, &)\—>s°" defined from the domain D,_g4 , into the set F_g .

- : : : : :
ézor‘r
N ]
= 9

0 0.2 0.4 0.6 0.8 1
a)
Ba ' ' ' ' '
é 101 cee o 1
= 0

0 0.2 0.4 0.6 0.8 1
b)
go20 [ - : ' ' i
< : :
g LN |
kel
= 9

0 0.2 0.4 0.6 0.8 1

error

c)

Fig. 4 Updated uncertain computational model corresponding to
(s°Pt, 8ix) = (26.2, 0.3); probability density functions AA' (black
line) of the first-order moment E{A A 3"} (vertical gray line) and of A\
(vertical black line) fora)« = 1,b)x =2,and ¢) « = 3.
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0 0.1 0.2 0.3 0.4 0.5 0.6
error

Fig. 5 Updated uncertain computational model corresponding to
(s°Pt, §7i%) = (26.2, 0.3); probability density functions A ®2** (black line)
of the first-order moment E{A &z‘"] (vertical gray line) and of AE ni
(vertical black line) fora)« = 1,b)x =2,and ¢) « = 3.

Figures 7 and 8 show a bidimensional representation of the
functions (B, )38 and (B, £, )—>s°?* (case 1). Figures 9 and
10 show the functions (B¢, £¢)—38°" and (B, £4)t—>sP" (case 2).
Figures 11 and 12 show the functions (B, ¢)i—§°" and (B, &)1—s°P
(case 3). In these figures, the blank zone corresponds to the values of

4.5
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w
&)

W

INd
n

2

Cost function j(s, 8)

Dispersion parameter &
Fig. 6 Family of graphed §1—j (s, §) for s belonging to S.
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Fig. 7 Graph of §°P' with respect to 8, and e, for B4 =0 and
€y = +o00.
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Fig. 8 Graph of s°"' with respect to 8, and ¢, for 85 =0 and
€y = +o00.

the probability level and of the error level for which the optimization
problem defined by Eq. (25) has no solution. By comparing Figs. 7
and 9 with Figs. 8 and 10, it can be seen that D, ; C Dy 5 and that
Dy, C Dy, which means that the robust-updating methodology
allows the random eigenvectors to be better updated than the random
eigenvalues. In addition, Fig. 7 shows that significant model
uncertainties (§°"* > 0.1) are obtained for small values of probability
level (8 <0.2). In contrast, Fig. 9 shows that significant model
uncertainties on the eigenvectors (§°* > 0.1) are obtained for large
values of the probability level (8 < 0.6). These results are coherent
because we have introduced model errors only on the eigenvalues in
the experimental data.

0.4
0.35 . 0.15
8 0.3 1
5 0.1
T 0.25
£
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£ o2
0.05
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Fig. 9 Graph of §°°' with respect to B4 and &4 for B, =0 and
ep = +o0.
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Fig. 10 Graph of s°"' with respect to B84 and ¢4 for 8, =0 and
&, = +oo.



SOIZE, CAPIEZ-LERNOUT, AND OHAYON 2963

0.4
0.3
0.35
0.25
o 03
o 0.2
g 0.25
I 0.15
&
02f
0.1
o L R B Y0
010 0.2 0.4 0.6 0.8 1

Parameter B
Fig. 11 Graph of §°** with respectto f = 8, = 8, and e = &4 = &,.
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Fig. 12 Graph of s°' with respect to f = 4 = 8, and e = 64 = ¢,.

Figures 7-12 show that F,;=1[0,0.25], F4;s=1[0,0.18],
Far_eos=1[0,034], Fp,=[31,364], Fe,=[224,31.1], and
Fa_os =[28,31.1]. Clearly, the sets F,, and Fgq, are almost
disjointed, which means that the optimal uncertain computational
model strongly depends on the nature of the constraints used in the
robust-updating formulation. It can also be seen that the updated
uncertain computational model related to the eigenvector
probabilistic constraint is more sensitive to the updated mean
parameter s°"* than to the updated dispersion parameter §°7, whereas
the opposite is observed when using the robust-updating formulation
related to the eigenvalue probabilistic constraint. Moreover, it can be
seen that Fy ¢, C Fp,UFe, and that Fg 5 C Fps C Fp_os-
This means that when both probabilistic constraints are used in the
robust-updating formulation, the updated uncertain computational
model is mainly sensitive to updated dispersion parameter §°7".

To more precisely analyze the results presented in Figs. 7-12, we
reanalyze the three cases for an error level equal to 0.25 with a
probability level equal to 0.1. For « belonging to {1, 2, 3}, let pian,
with j,4 and oxy, With o, be the mean values and the standard

deviations of random variables AA, and A&)a defined by Eqgs. (19)
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Fig. 13 Updated uncertain computational model corresponding to
Bo=0, €p=+400, P,=0.1, and e, =0.25 and, Yyielding
(s, §°Pt) = (32.2, 0.15); probability density functions AAS" (black
line) of the first-order moment E{A A 3*'} (vertical gray line) and of A A M
(vertical black line) fora)a = 1,b)x =2,and ¢) a = 3.
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Fig. 14 Updated uncertain computational model corresponding to
Bo=0, €=+400, p,=0.1, andey, =0.25 and, Yyielding
(s°Pt, §°Pt) = (32.2,0.15); probability density functions A ®°*' (black
line) of the first-order moment £{A &'} (vertical gray line) and of A é; o
(vertical black line) for a)« = 1,b) « =2, and ¢) « = 3.

and (20). For each case, the main characteristics of the updated
uncertain computational model are summarized in Tables 2 and 3. To
characterize the efficiency of the proposed robust-updating
methodology, Figs. 13—18 show the probability density functions
of the random variables AAY" and Aégp‘ for the three cases. These
figures show that the updating is improved in the probabilistic
context, because the value of the error is smaller than for the
nonupdated mean computational model. It can be seen that if only

Table 3 Characteristics of the updated computational model for each case

Constraint Constraint Both No constraint
on eigenvalue on eigenvector constraints (§fx = 0.3)
SOPt 322 28.6 29.2 26.2
§oPt 0.15 0.06 0.26 0.3
(s, gont 1.06 1.03 1.14 1.18
—ga (s, 8°7,0.25,0.1) 0.014 <0 0.005 <0
—g5 (5%, 8%, 0.25,0.1) <0 0.24 0.009 027
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Fig. 15 Updated uncertain computational model corresponding to

Br=0, €,=400, Bo=0.1, ande,=0.25 and,

line) of the first-order moment £{A A"} (vertical gray line) and of A"
(vertical black line) fora) « = 1,b) « =2,and ¢) « = 3.
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Fig. 16 Updated uncertain computational model corresponding to

A=0, €, =400, Ps=0.1, andeyz=0.25 and, yielding
(s°Pt, §°Pt) = (28.6, 0.06); probability density functions A ®2*' (black
line) of the first-order moment E{A ®"'} (vertical gray line) and of A o

o o

(vertical black line) fora)« = 1,b) ¢ =2,and ¢) « = 3.
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one constraint is considered, then the other one is not verified, which
means that an important error can remain (for instance, paa, = 0.33
for case 2, in which there is only one eigenvector probability
constraint). Moreover, it can be seen that the robust updating using
both constraints guarantees that the mean error committed for each

eigenvalue and eigenvector with respect to the experimental data is
lower than 23.5%.

V. Conclusions

A not-straightforward methodology to perform the robust
updating of complex uncertain dynamic systems with respect to
modal experimental data in the context of structural dynamics has
been presented. The present formulation based on an input-error
methodology adapted to the deterministic updating problem has been
extended to the robust-updating context required in the presence of
model uncertainties in the computational model. The robust-
updating formulation leads a mono-objective optimization problem

yielding
(s°Pt, §°Pt) = (28.6, 0.06); probability density functions AAS" (black
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Fig. 17 Updated uncertain computational model corresponding to
Bo=Pr=Pp=0.1 and ¢e4=6,=e=025 and, Vyielding
(s°Pt, §°Pt) = (29.2,0.26); probability density functions AAZ" (black
line) of the first-order moment E{A A 3"} (vertical gray line) and of A
(vertical black line) fora)« = 1,b)x =2,and ¢) « = 3.
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Fig. 18 Updated uncertain computational model corresponding to
Bo=pr=p=0.1, ep=¢€,=¢€=0.25 and, yielding

(s°Pt, 8°Pt) = (29.2, 0.26); probability density functions A &' (black
line) of the first-order moment £{A ®2*'} (vertical gray line) and of A ¢
(vertical black line) fora)« = 1,b)x =2,and ¢) « = 3.

to be solved in the presence of inequality probabilistic constraints.
An application is presented to validate the proposed approach.

Acknowledgments

The authors thank the French Research National Agency (ANR)
for supporting this research (conception robuste des systemes

dynamiques complexes vis a vis des incertitudes de modele project
number NT05-2-41776).

References

[1] Berger, H., Barthe, L., and Ohayon, R., “Parametric Updating of a
Finite Element Model from Experimental Modal Characteristics,”

Mechanical Systems and Signal Processing, Vol. 4, No. 3, 1990,
pp. 233-242.

doi:10.1016/0888-3270(90)90017-F
[2] Mottershead, J., and Friswell, M., “Model Updating in Structural

Dynamics: A Survey,” Journal of Sound and Vibration, Vol. 167,
No. 2, 1993, pp. 347-375.



http://dx.doi.org/10.1016/0888-3270(90)90017-F

(3]

(4]

[5]

(6]

(7]

(8]

(9]

[10]

[11]

SOIZE, CAPIEZ-LERNOUT, AND OHAYON

doi:10.1006/jsvi.1993.1340

Ladeveze, P., and Chouaki, A., “Application of a Posteriori Error
Estimation for Structural Model Updating,” Inverse Problems, Vol. 15,
No. 1, 1999, pp. 49-58.

doi:10.1088/0266-5611/15/1/009

Hemez, F., and Doebling, S., “Review and Assessment of Model
Updating for nonLinear Transient Dynamics,” Mechanical Systems and
Signal Processing, Vol. 15, No. 1, 2001, pp. 45-74.
doi:10.1006/mssp.2000.1351

Szekely, G., and Schueller, G., “Computational Procedure for a Fast
Calculation of Eigenvectors and Eigenvalues of Structures with
Random Properties,” Computer Methods in Applied Mechanics and
Engineering, Vol. 191, Nos. 8-10, 2001, pp. 799-816.
doi:10.1016/S0045-7825(01)00290-0

Ghanem, R., and Ghosh, D., “The Efficient Characterization of the
Random Eigenvalue Problem in a Polynomial Chaos Decomposition,”
International Journal for Numerical Methods in Engineering, Vol. 72,
No. 4, 2007, pp. 486-504.

doi:10.1002/nme.2025

Ghosh, D., Ghanem, R., and Red-Horse, J., “Analysis of Eigenvalues
and Modal Interaction of Stochastic Systems,” AIAA Journal, Vol. 43,
No. 10, 2005, pp. 2196-2201.

doi:10.2514/1.8786

Rivas-Guerra, A., and Mignolet, M., “Local/Global Effects of

Mistuning on the Forced Response of Bladed Disks,” Journal of

Engineering for Gas Turbines and Power, Vol. 126, No. 1, 2004,
pp. 131-141.

doi:10.1115/1.1581898

Soize, C., “A Nonparametric Model of Random Uncertainties for
Reduced Matrix Models in Structural Dynamics,” Probabilistic
Engineering Mechanics, Vol. 15, No. 3, 2000, pp. 277-294.
doi:10.1016/S0266-8920(99)00028-4

Soize, C., “Maximum Entropy Approach for Modeling Random
Uncertainties in Transient Elastodynamics,” Journal of the Acoustical
Society of America, Vol. 109, No. 5, 2001, pp. 1979-1996.
doi:10.1121/1.1360716

Soize, C., “A Comprehensive Overview of a Non-Parametric
Probabilistic Approach of Model Uncertainties for Predictive Models
in Structural Dynamics,” Journal of Sound and Vibration, Vol. 288,
No. 3, 2005, pp. 623-652.

doi:10.1016/].jsv.2005.07.009

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

2965

Mares, C., Mottershead, J., and Friswell, M., “Stochastic Model
Updating, Part 1: Theory and Simulated Example,” Mechanical
Systems and Signal Processing, Vol. 20, No. 7, 2006, pp. 1674-1695.
doi:10.1016/j.ymssp.2005.06.006

Mottershead, J., Mares, C., James, S., and Friswell, M., “Stochastic
Model Updating, Part 2: Application to a Set of Physical Structures,”
Mechanical Systems and Signal Processing, Vol. 20, No. 8, 2006,
pp- 2171-2185.

doi:10.1016/j.ymssp.2005.06.007

Beyer, H., and Sendhoff, B., “Robust Optimization—A Comprehen-
sive Survey,” Computer Methods in Applied Mechanics and
Engineering, Vol. 196, Nos. 33-34, 2007, pp. 3190-3218.
doi:10.1016/j.cma.2007.03.003

Capiez-Lernout, E., and Soize, C., “Robust Updating of Uncertain
Damping Models in Structural Dynamics for Low- and Medium-
Frequency Ranges,” Mechanical Systems and Signal Processing,
Vol. 22, No. 8, 2008, pp. 1774-1792.
doi:10.1016/].ymssp.2008.02.005

Soize, C., Capiez-Lernout, E., Durand, J.-F., Fernandez, C., and
Gagliardini, L., “Probabilistic Model Identification of Uncertainties in
Computational Models for Dynamical Systems and Experimental
Validation,” Computer Methods in Applied Mechanics and Engineer-
ing (to be published).

Craig, R., and Bampton, M., “Coupling of Substructures for Dynamic
Analyses,” AIAA Journal, Vol. 6, No. 7, 1968, pp. 1313-1319.
doi:10.2514/3.4741

Morand, H.-P., and Ohayon, R., Fluid Structure Interaction, Wiley,
New York, 1995.

Ohayon, R., Sampaio, R., and Soize, C., “Dynamic Substructuring of
Damped Structures Using Singular Value Decomposition,” Journal of
Applied Mechanics, Vol. 64, No. 2, 1997, pp. 292-298.
doi:10.1115/1.2787306

Ohayon, R., and Soize, C., Structural Acoustics and Vibration,
Academic Press, London, 1998.

Capiez-Lernout, E., and Soize, C., “Design Optimization with an
Uncertain Vibroacoustic Computational Model,” Journal of Vibration
and Acoustics, Vol. 130, No. 2, 2008, Paper 021001.

J. Wei
Associate Editor


http://dx.doi.org/10.1006/jsvi.1993.1340
http://dx.doi.org/10.1088/0266-5611/15/1/009
http://dx.doi.org/10.1006/mssp.2000.1351
http://dx.doi.org/10.1016/S0045-7825(01)00290-0
http://dx.doi.org/10.1002/nme.2025
http://dx.doi.org/10.2514/1.8786
http://dx.doi.org/10.1115/1.1581898
http://dx.doi.org/10.1016/S0266-8920(99)00028-4
http://dx.doi.org/10.1121/1.1360716
http://dx.doi.org/10.1016/j.jsv.2005.07.009
http://dx.doi.org/10.1016/j.ymssp.2005.06.006
http://dx.doi.org/10.1016/j.ymssp.2005.06.007
http://dx.doi.org/10.1016/j.cma.2007.03.003
http://dx.doi.org/10.1016/j.ymssp.2008.02.005
http://dx.doi.org/10.2514/3.4741
http://dx.doi.org/10.1115/1.2787306

